Abstract. An advanced model for the linear flutter analysis is introduced in this paper. Higher-order beam structural models are developed by using the Carrera Unified Formulation, which allows for the straightforward implementation of arbitrarily rich displacement fields without the need of a-priori kinematic assumptions. The strong form of the principle of virtual displacements is used to obtain the equations of motion and the natural boundary conditions for beams in free vibration. An exact dynamic stiffness matrix is then developed by relating the amplitudes of harmonically varying loads to those of the responses. The resulting dynamic stiffness matrix is used with particular reference to the Wittrick-Williams algorithm to carry out free vibration analyses. According to the doublet lattice method, the natural mode shapes are subsequently used as generalized motions for the generation of the unsteady aerodynamic generalized forces. Finally, the g-method is used to conduct flutter analyses of both isotropic and laminated composite lifting surfaces. The obtained results perfectly match those from 1D and 2D finite elements and those from experimental analyses. It can be stated that refined beam models are compulsory to deal with the flutter analysis of wing models whereas classical and lower-order models (up to the second-order) are not able to detect those flutter conditions that are characterized by bending-torsion couplings.
Introduction
Aeroelasticity plays a critical role in the design of modern aerospace vehicles. Among others, flutter is one of the most important aeroelastic phenomena. Flutter can occur to a structure in a flow field, and it consists of undamped vibrations that can lead to catastrophic collapses. Different analysis tools have been developed to predict flutter after the publication of the now famous report non-classical effects in order to study the static and dynamic aeroelastic response of beam structures (Librescu and Song 1992) . In this paper, refined beam models are developed within the framework of the Carrera Unified Formulation (CUF) which is well established in the literature for over a decade (Carrera 1995 (Carrera , 2002 (Carrera , 2003 . CUF is a hierarchical formulation that considers the order of the model, N, as a free-parameter (i.e. as an input) of the analysis or in other words, refined models are obtained without having the need for any ad hoc formulations. In the present work, beam theories using CUF are obtained on the basis of Taylor-type expansions (TE). EBBT and TBT can be obtained as particular or special cases. The strength of CUF TE 1D models in dealing with arbitrary geometries, thin-walled structures and identifying local effects are well known for both static and free-vibration analysis . In recent works, Varello et al. (2011) extended CUF 1D to steady aeroelasticity by using the Vortex Lattice Method (VLM), whereas DLM was used in (Petrolo 2012 (Petrolo , 2013 in the framework of CUF for flutter analyses.
In majority of the papers on 1D CUF, the finite element method (FEM) has been used to handle arbitrary geometries and loading conditions. In the present work, a more powerful approach for CUF TE theories through the application of the Dynamic Stiffness Method (DSM) is provided and therefore used for the free vibration analysis of both metallic and laminated lifting surfaces. The mode shapes are then used with reference to DLM to carry out flutter analyses.
DSM has been recently extended to CUF theories in (Pagani et al. 2013 (Pagani et al. , 2014 , where a more comprehensive review on the use of DSM in structural dynamics can be found. The DSM is appealing in dynamic analysis because unlike the FEM, it provides the exact solution of the equations of motion of a structure once the initial assumptions on the displacements field have been made. This essentially means that, unlike the FEM and other approximate methods, the model accuracy is not unduly compromised when a small number of elements are used in the analysis. For instance, one single structural element can be used in the DSM to compute any number of natural frequencies to any desired accuracy. Of course, the accuracy of the DSM will be as good as the accuracy of the governing differential equations of the structural element in free vibration. In fact, the exact Dynamic Stiffness (DS) matrix stems from the solution of the governing differential equations. DSM has been quite extensively used for flutter analyses by Banerjee (2003) , Butler and Banerjee (1996) , Guo et al. (2003) and Lillico et al. (1997) . This paper is organized as follows: (i) first CUF is introduced and higher-order models are formulated, (ii) secondly, the principle of virtual displacements is used to derive the differential governing equations and the associated natural boundary conditions for the generic N-order model; (iii) next, the DSM is briefly discussed and the algorithm of Wittrick and Williams (1970) is used to compute the natural frequencies; (iv) subsequently, the mode shapes of metallic and composite lifting surfaces are computed and used as generalized motions for the generation of the DLM unsteady aerodynamic generalized forces; and (v) finally, the g-method (Chen 2000) is exploited to conduct flutter analyses.
Governing equations of the N-order beam model via CUF
The adopted rectangular Cartesian coordinate system is shown in Fig. 1 . The cross-section of the beam lies on the xz -plane and it is denoted by , whereas the boundaries over y are L y   0 . Let us introduce the transposed displacement vector
Within the framework of the CUF, the 3D displacement field of Eq. (1) is expressed as where  F are the functions of the coordinates x and z on the cross-section.  u is the vector of the generalized displacements, M stands for the number of the terms used in the expansion, and the repeated subscript, τ indicates summation. TE (Taylor Expansion) 1D CUF models consist of McLaurin series that uses the 2D polynomials j i z x as  F functions, where i and j are positive integers. For instance, the displacement field of the second-order (N = 2) TE model can be expressed as
The order N of the expansion is set as an input of the analysis; the integer N is arbitrary and it defines the order of the beam theory. Classical Euler-Bernoulli (EBBT) and Timoshenko (TBT) beam theories can be realized as degenerated cases of the linear (N = 1) TE model. For further information about TE models see .
In this paper, the principle of virtual displacement is used to derive the equations of motion.
where ϵ and  are the strain and stress vectors, respectively. int δL stands for the strain energy and ine δL is the work done by the inertial loadings.  stands as usual virtual variation operator.
The virtual variation of the strain energy is rewritten using Eq. (2), the constitutive laws, and the linear strain-displacement relations. After integrations by part, Eq. (4) becomes where s  K is the differential linear stiffness matrix and τs Π is the matrix of the natural boundary conditions in the form of 3ⅹ3 fundamental nuclei. The components of the nuclei are not given in the present work for the sake of brevity. They can be found in (Pagani et al. 2013 (Pagani et al. , 2014 . 
The virtual variation of the inertial loads is also rewritten in terms of the fundamental nucleus.
where  is the material density and τs M is the fundamental nucleus of the mass matrix. Double over dots stand as second derivative with respect to time (t).
In 
with  C a material coefficient. Conversely, the parameter
For a given expansion order, N, the equilibrium equations of the generic beam theory can be obtained in the form of Eq. (13) 
The dynamic stiffness method
Eq. (13) is a system of ordinary differential equations (ODEs) of second-order in y with constant coefficients. A change of variables is used to reduce the second order system of ODEs to a first-order system, where Û is the expansion of s Û (see Eq. (15)) for a given expansion order and n = 6ⅹM is the dimension of the unknown vector as well as the number of differential equations. In (Pagani et al. 2013) , an automatic algorithm to transform the L matrix of Eq. (13) into the matrix S of the following linear differential system was described
Once the differential problem is described in terms of Eq. (19), the solution can be written as follows where λ is the vector of the eigenvalues of S. The element j i  of matrix δ is the j-th component of the i-th eigenvector of matrix S and the vector C contains the integration constants that need to be determined by using the boundary conditions.
Once the closed form analytical solution has been found, the generic boundary conditions for the generalized displacements and forces need to be applied (see Fig. 3 ). It should be noted that the vector Z of Eq. (20) Similarly, boundary conditions for generalized nodal forces are written as follows U and P are the vectors of the amplitudes of the harmonically varying nodal generalized displacements and loads, respectively. Matrices A and R are not given here for the sake of brevity, but they can be found in (Pagani et al. 2013 (Pagani et al. , 2014 .
The constant vector C from Eqs. (21) and (22) can now be eliminated to give the DS matrix of the element as follows where is the required frequency dependant DS matrix.
The DS matrix given above is the basic building block to compute the exact natural frequencies of a higher-order beam. The DSM has also many of the general features of the FEM. In particular, it is possible to assemble elemental DS matrices to form the overall DS matrix of any complex structures consisting of beam elements (see Fig. 4 ).
Once the global DS matrix of the final structure is obtained, the boundary conditions can be applied by using the well-known penalty method (often used in FEM) or by simply removing rows and columns of the stiffness matrix corresponding to the degrees of freedom which are zeroes.
Natural frequencies and mode shapes computation
For free vibration analysis of structures, FEM generally leads to a linear eigenvalue problem. By contrast, the DSM leads to a transcendental (non-linear) eigenvalue problem for which the Wittrick-Williams algorithm (Wittrick and Williams 1970) is recognisably the best available solution technique at present. The basic working principle of the algorithm can be briefly summarised in the following steps: Once the natural frequency has been computed and the related global DS matrix evaluated, the corresponding nodal generalized displacements can be obtained by solving Eq. (23) for a random vector of nodal generalized forces. The integration constants C can then be computed with the help of Eq. (21). In this way, using Eq. (20), the unknown generalized displacements can be computed as a function of y. Finally, by using Eqs. (7) and (2), the complete displacement field can be generated as a function of x, y, z and the time t.
Doublet lattice method and mesh-to-mesh transformations
Following Landahl (1967) or Albano and Rodden (1969) , the normalwash in a point with coordinates x, y due to the pulsating pressure jump p  in the point  , has the following expression where M is the Mach number, ω is the circular frequency and
The kernel function (K) formal expression is not reported here for the sake of brevity, it can be found in (Landahl 1967) . Eq. (26) can be numerically solved by means of the Doublet Lattice Method (DLM). In the DLM framework a lifting surface is discretized in a number of panels and the following algebraic system of equations has to be solved where AP N indicates the total number of aerodynamic panels and j i D is the normal wash factor. In this paper j i D was calculated by exploiting Rodden's quartic DLM (Rodden et al. 1998) . For
the sake of brevity, the procedure to compute the normalwash factor is not reported here, it can be found in Rodden's paper. It is important to underline that the steady contribution to j i D was computed via the Vortex Lattice Method (VLM) (Katz and Plotkin 1991) .
The unsteady aeroelastic analysis was carried out by considering a set of modal shapes as generalized motions for the unsteady aerodynamic generalized force generation. Each set of modal shapes, ϕ m was defined on a set of points above the structure. Slopes and displacements at control and load points of the aerodynamic panels are then given by where m Ζ and m Ζ are the displacements at load and control points, respectively. A , * Ã and * A were computed through the Infinite Plate Spline (IPS) (Harder and Desmarais 1972) . For the sake of brevity, the explicit expressions of these matrices are not reported here, they can be found in (Demasi and Livne 2009) . IPS was chosen in order to better exploit the shell-like capabilities of the present 1D structural formulation, as shown by Varello et al. (2011) . Under the assumption of simple harmonic motion, it is possible to demonstrate that the vector that contains the normalized (using the velocity  V parallel to x) normal wash has the following expression (the boundary condition is enforced on all control points of the lifting surface) where all the vector quantities have to be understood as vectors of amplitudes of the harmonic motion and i is the imaginary unit.
Generalized matrices and G-method
The generalized aerodynamic matrix for a given reduced frequency ( k ) is given by
, b is the reference length (equal to the half of the reference chord) and L is the length of the structure.
is the pressure jump due to the j-th set of motions (modal shapes), acting on the N -th aerodynamic panel and evaluated for a given reduced frequency. The computation of the pressure jump is performed by means of the DLM. 
N i
Ζ is the i -th motion set evaluated at the N-th aerodynamic panel. Starting from the i -th modal shape given by a structural model, the i-th motion set is then mapped on the aerodynamic panels by means of the splining process. In this work, modal shapes were evaluated by means of CUF 1D models and DSM. The g-method was introduced by Chen (2000) and it is based on a damping perturbation technique and a first-order model of the damping term. Its derivation exploits the aerodynamics in the Laplace domain and can be found in (Chen 2000) . The basic assumption of the g-method is based on the following approximation of the generalized aerodynamic matrix where p is the nondimensional Laplace parameter ( p = g + ik ) and b is is the reference length (usually equal to the half of the reference chord). The generalized aerodynamic matrix, ) (ik Q , is provided by the unsteady aerodynamic model (DLM) in the frequency domain. The computation of ) (ik Q has to be performed numerically. A central difference scheme can be used and a forward one at 0 k  . Three new matrices are introduced
Eq. (38) therefore becomes This is a second-order linear system in g; the g-method targets to find those solutions having 0 ) (  g Im . Eq. (40) is rewritten in the state-space form, where
Results and discussion
Numerical assessments were carried out on isotropic and composite structures. Fig. 5 shows the sweep and fiber orientation angles (positive directions). An 8  30 aerodynamic mesh was exploited since this mesh offers good accuracy as shown by Petrolo (2012 Petrolo ( , 2013 . The first ten natural modes were used to build the generalized matrices.
Isotropic plate wing
An isotropic wing modeled as a flat plate was first considered. The wing model that was investigated has the following characteristics: L = 0.305 m, c = 0.076 m, and thickness t = 0.001 m. 
The material is an aluminum alloy with elastic modulus E = 73.8 GPa, shear modulus G = 27.6 GPa and density ρ = 2768 Kg/m 3 . This model was retrieved from (Koo 2001) . Table 1 shows the first three natural frequencies for a swept back configuration (Λ = 30°). Different beam models were considered, classical (EBBT and TBT) and higher-order (from N = 1 to N = 4). The results that were obtained through the present DSM approach were compared with FEM results that were obtained by Petrolo (2012) . Bending and torsional modes were detected. Table 2 shows the flutter velocity of the forward swept configuration (Λ =  30°). Again, the DSM was compared against FEM (Petrolo 2012 ) and the influence of the beam model was evaluated. The results from the classical and the linear (N = 1) models were not reported since no flutter conditions were detected by those models. In fact, as it is clear from Table 1 , the classical and the linear (N = 1) structural models are not able to foresee torsion and coupling phenomena, which are fundamental in flutter analysis. The influence of the sweep angle on the flutter velocity is reported in Table 3 . On the other hand, the influence of the beam models on the flutter condition is shown in Tables 4-5. Finally, Fig. 6 shows the damping and the frequency of the first three modes versus the free-stream velocity of the swept back wing. From Fig. 6 , it is clear that flutter occurs as the damping crosses the zero-line and the first two modes coalesce. The following comments stem from the results that were obtained for the isotropic case:
 The 1D DSM results perfectly match the FEM solutions. Since in (Petrolo 2012 ) the FEM solutions by means of CUF 1D models were successfully compared against those ones by 2D plate models (Koo 2001) , it can be stated that the present 1D DSM models can detect flutter conditions of wings with plate-like accuracy.  At least a third-order beam model (N = 3) is needed to have reliable flutter analyses. This is due to the need of a proper description of torsion and of the bending-torsion coupling to detect flutter conditions.  The N = 3 and N = 4 models provide similar results. This means that the convergence to the exact solution with respect to the beam order is almost obtained.  The N = 2 model provides reliable results for moderate or null sweep angles.  The classical models and N = 1 cannot predict flutter conditions in which torsion and coupling effects are predominant.
Composite plate wing
In the second analysis case, composite wing structures were considered. Composite plate wing models were retrieved from (Kameyama and Fukunaga 2007) and from (Hollowell and Dugundji 1984) . A graphite/epoxy composite material with the following characteristics was used: 0 98. First, symmetric six-layer laminates with constant thickness layers were considered. The plate wing was straight (Λ = 0°). Table 6 shows the flutter velocities for various stacking sequences and various beam models. The results from the present DSM refined elements were compared with those from CLT (Classical Laminate Theory) plate models and with experimental results from the literature.
An eight-layer symmetric stacking sequence was then considered. The stacking sequence was equal to [-22 .5/67.5/22.5/-67.5] s , whereas the thickness sequence was [0.09/0.12/0.16/0.63] s , where each term indicates the thickness ratio of each ply with respect to the half of the thickness of the laminate. For instance, the thickness of the first layer is the 9% of the half thickness of the laminate. Two sweep angles were considered, Λ = 0° and Λ = 30°. The natural frequencies and the flutter velocities are given in Tables 7 and 8 , in which the results from the present variable order 1D DSM models are compared with those from plates and from experiments. Finally, the nodal lines of the first sixth mode shapes of the swept wing (Λ = 30°) via the N = 4 DSM beam model are shown in Fig. 7 . The composite case analysis suggests that  The present 1D DSM results perfectly match the 2D CLT results. A good agreement with the experimental results was also found.  It is confirmed that at least an N = 3 beam model should be used to predict flutter.  The N = 2 model can be used for un-swept configurations.  The classical and the N = 1 models are not able to detect flutter.  It is definitely demonstrated that the proposed method allow for accurate and efficient flutter analysis of both isotropic and composite plate wings.
Conclusions
This paper has presented aeroelastic analyses that were carried out by means of advanced beam models. The aeroelastic equations of motions have been solved by coupling the structural modelsexact 1D refined Dynamic Stiffness beam elements -with the DLM. Furthermore, the g-method A good agreement with the experimental results was also found.  The adoption of refined beam models is compulsory to detect flutter. This is due to the influence of the bending-torsion coupling. Such a coupling cannot be modelled through the classical beam models that cannot therefore predict flutter.  The uncompromising accuracy of the Dynamic Stiffness Method coupled with the 1D Carrera Unified Formulation represent a very powerful and reliable tool for aeroelastic analyses. Its strength is due to its hierarchical capabilities that allow the user to set the beam order as an input of the analyses. The exact solution can be easily found through a convergence analysis.  Future investigations should be carried out on the aeroelastic analysis of more complex wing configurations and the coupling of the 1D CUF models with higher-fidelity CFD tools could be considered.
